A model for a Regge trajectory compatible with the threshold behavior required by unitarity and asymptotics in agreement with analyticity constraints is given in explicit form. The model is confronted in the time-like region with widths and masses of the mesonic resonances and, in the spacelike region, the ρ trajectory is compared with predictions derived from π − N charge-exchange reaction. Breaking of the exchange degeneracy is studied in the model and its effect on both the masses and widths is determined.
Introduction
Recently a lot of activity has been dedicated to various studies of the Regge trajectories [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . Some researchers deal with the improvement and extension of the existing fits to hadronic total cross sections by including, apart from the slopes and intercepts of degenerate or non-degenerate linear Regge trajectories, also the relevant Chew-Frautschi plots [7, 8, 9] . The most complete and updated Chew-Frautschi plots for various (linear) trajectories can be found in paper [5] . The essential role of the non-linearity was recognized and scrutinized in the papers [2, 3, 4] , where studies of the analytic and asymptotic properties of the trajectories were also performed. The connection of the Regge trajectories with dynamical models, based on non-relativistic potentials, hadronic strings, dual models etc. was studied recently in Refs. [4, 11] .
The basic problem in constructing Regge trajectories is to combine the nearly linear rise of the real part in the whole range of observed resonances with the presence of a sizable imaginary part. The combination of these properties in a single analytic function seems to be difficult, if not impossible, unless the linear part stops rising at larger values of the argument. This is true for the model we present below.
Besides the experimental evidence, the dominant idea about the continuous rising linear trajectories found strong support from the narrow-resonance (e.g.
Veneziano) dual models, later replaced by hadronic strings. The "narrow resonance width" was treated in those models as an approximation, where resonances' widths are considered negligible in comparison with the spacing between the neighbors. The data do not support this idea, thus ruling out the concept of continuously rising linear trajectories.
Exchange degeneracy (EXD) of the Regge trajectories (and the residues) with opposite signatures is an approximate symmetry based both on observations and theoretical speculations (the quark model, SU(3) symmetry, duality). It is attractive as it relates various objects (trajectories, spectra of particles, residues, cross sections) reducing thus the number of the free parameters. The extent to which this symmetry is violated has been (and is still) debated ever since this symmetry was discovered. It depends on the considered reaction (trajectory) and the required precision (at the cost of the number of the free parameters introduced). In our analysis we consider both cases -exact EXD as well as its violation.
There are two basic theoretical restrictions, which must be satisfied by Regge trajectories -the threshold and asymptotic behaviour. The behaviour at the threshold is determined by unitarity and was studied in Refs. [12, 13, 14, 15] . On the other hand, only bounds exist on the asymptotic behaviour of the trajectories. Analyticity sets an upper bound [13] and there are some plausible arguments [16, 17, 18, 19] by fitting the parameters of the ρ − a 2 exchange degenerate trajectory to π − N charge-exchange reaction data as in [20] .
Although various aspects of mesonic trajectories have been already studied and clarified in several papers [2, 16, 17, 18, 19] we are not aware of any complete and coherent solution of the problem, satisfying the correct threshold behaviour and fitting the widths of the mesonic trajectories.
The model
The properties of the trajectories following from analyticity and unitarity have been discussed in Refs. [12, 13, 14, 15, 16] . In the complex s-plane the trajectory α(s)
has only right-hand branch lines apart from branch points at the intersection with another singularity in the l−plane. The requirement that there are no crossing poles and that α(s) is bounded for s → ∞, leads to a dispersion relation of the form
where Im α(s) > 0 since the pole must lie in the upper half l-plane. In other words, no complex singularity of the partial wave exists for real l. The boundedness of α(s)
for s → ∞ follows from the assumption that the amplitude A(s, t) is bounded by a polynomial in t and s. This restriction is equivalent to the condition that the amplitude, in the Regge form, should have no essential singularity at infinity in the cut plane. The condition that Re α(s) is bounded by a constant, for s → ∞, leads
with q < 1 and M an arbitrary constant. Equation (1) implies that Re α(s) cannot be exactly linear in s but it does not give any information on the deviation from linearity unless a specific model has been selected for the imaginary part Im α(s).
Unitarity requires the threshold behaviour
as shown in Ref. [12, 13, 15] . For example, the first right-hand branch point will be at s 0 = (2m π ) 2 for the ρ trajectory, and s 0 = (3m π ) 2 for the ω.
To build an explicit model we must constrain the asymptotic behaviour of the trajectory and find a rule to determine the contribution of several thresholds to Im α(s). We borrow both properties of the model from Ref. [19] . First, we assume the square-root asymptotic on the physical sheet
which satisfies the condition (2) and is realized in dual models [17, 18] . Secondly, we assume additivity of threshold contributions
where α n (s) has only one threshold branch point on the physical sheet. We require this hypothesis, which seems to be plausible, in order to set up a completely soluble model; at least we are not aware of a reasonable alternative. Contrary to [19] , we consider in the following only thresholds determined from pions and other mesonic resonances.
We start from a simple analytical model, where the imaginary part of the trajectory is chosen as a sum of the single threshold terms
with the correct asymptotic and threshold behaviour. In Eq. (6) all c n 's are positive [13, 15] . It should be stressed that this choice is a crude approximation to the complexity of the true imaginary part. For example, the exponent Re α(s n ) should be a continuous function of s.
From the dispersion relation for the trajectory,
where P V means the Cauchy Principal Value of the integral, the real part can be easily calculated [16, 21] . Defining λ n = Re α(s n ) we get:
From Eq. (7) we can get the slope
since the derivatives of the θ-functions in Eq. (7) cancel. Equations (6) and (8) determine the width of the resonances through the relation
where Γ is the width of the resonance and M is its mass.
Suppose now that there is a threshold, higher than all resonances, at the position s x and with coefficient c x . This threshold will contribute to the real part and to the slope, but not to the imaginary part in the resonance region. Its relevance to the real part of the trajectories and to the widths of the resonance will become clear in the following. Fits of the unknown parameters will be presented and discussed in the next Section. We only notice that Eq. (7) gives the complete real part of the trajectory, both in the time-like and in the space-like regions.
Of particular interest is the behaviour of the trajectory above s x . From Eqs. (7-9) we can see that for s ≫ s x the Re α reaches a saturation point and stays nearly constant.
Fitting the resonances masses and widths
The feature of the real part of trajectory, namely Re α(s) tends to constant, when s → ∞, means that the number of resonances lying on it is limited. As noticed before, approximate linearity in the region where experimental data require it, can be attained by introducing a threshold higher than the masses of all known relevant resonances. The highest threshold entails two unknown parameters, its position s x and the coefficient c x , and contributes to Eq. (6) only above the resonance region. It can be considered as an effective threshold. This fact suggests an iterative method for the fitting procedure.
A rough estimate of Re α(s n ) ≡ λ n , can be obtained from a linear trajectory, adapted to the experimental data. In this way we fix also the lowest order value of for intercept and slope [9] . In such a way we get the first order correction to the trajectory. Iterations can be performed by repeating the previous steps till a stable output is obtained.
The scarcity of the available experimental data, forces an a priori choice of the thresholds. In all cases with positive G-parity, the π − π threshold will be present, hence s 1 ≃ 0.077 GeV 2 for ρ and f trajectories. After a large number of trials we have chosen s 2 near 2 GeV 2 for all trajectories. To be precise, for the G = + trajectories, we set s 2 = 2.12 GeV 2 that corresponds to a π − a 2 (1320) threshold.
The position of the last threshold, s 3 ≡ s x , does not influence sensibly the result.
Hence, if the χ 2 prefers a very high s x (we will see later that this is the case for ρ and ρ+a 2 trajectories), we set s x = 30 GeV 2 . We have tried to insert extra thresholds in a large variety of ways without finding any improvement. By fixing the thresholds we limit the capability of the model in reproducing the experimental data, but, as we will see in the following, this still allows us to obtain a good agreement with experiment. Fig. 1(b) .
The study of the f -trajectory becomes, in this approach, important under many aspects. Analyses of total cross sections depend crucially on its intercept. Moreover, EXD must be badly broken since attempts to describe together f and ω in this model failed, supporting recent findings [9, 10] . The EXD violation can be understood by noticing that the width of the ω(782) is only four percent of the width of the f (1270), and it will be difficult to find an analytic function satisfying these Only for s > −0.4 GeV 2 the agreement with the experimental points is very good.
The curvature of the analytic trajectory has the correct sign, but is not sufficient at large |s|. A possible solution at large negative s has been proposed in Ref. [3] , where the fit to the existing data [20, 21, 22, 23, 24] of the differential cross section dσ/dt for the process π − p → π 0 n reproduces correctly the experimental data.
However, in [3] the trajectory has logarithmic asymptotics and it would be difficult to construct a completely solvable analytic model in this case.
Conclusions
In this paper we attempt to systematize the light unflavored mesonic trajectories 
